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Abstract. The canonical fc-tangent structure on T^Q = TQ® ®TQ al- 
lows us to characterize nonlinear connections on T^Q and to develop Giinther's 
(fc-symplectic) Lagrangian formalism. We study the relationship between non- 
linear connections and second-order partial differential equations (sopdes), 
which appear in Giinther's Lagrangian formalism. 
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1. Introduction 

Lagrangian Mechanics have been entirely geometrized in terms of symplectic 
geometry. In this approach there exists certain dynamical vector field on the tan- 
gent bundle of a manifold whose integral curves are the solutions of the Euler- 
Lagrange equations. This vector field is usually called second-order differential 
equation (sode to short) or spray (sometimes it is called semispray and the term 
spray is reserved to homogeneous second-order differential equations, see for in- 
stance, [D H]). Let us remember that a sode on TQ is a vector field on TQ such 
that JS = C, where J is the almost tangent structure or vertical endomorphism 
and C is the canonical field or Liouville field. 

In [HIUI3], Grifone studies the relationship among SODEs, nonlinear connections 
and the autonomous Lagrangian formalism. This study was extended to the non- 
autonomous case by M. de Leon and P. Rodrigues [8]. 

The natural generalization to Classical Field Theory of the concept of SODE is 
called second order partial differential equation (sopde to short). This concept was 
introduced by Giinther in [5] in order to develop his Lagrangian polysymplectic (k- 
symplectic) formalism. The "phase space" of this formalism is the tangent bundle 
of fc 1 -velocites TlQ, that is, the Whitney sum of fc-copies of the tangent bundle 
TQ, 

TlQ:=TQ® .*.©TQ. 
In this paper we study the relationship between nonlinear connections and arbi- 
trary sopdes on TlQ. 

The structure of the paper is the following: 

In section [5] we describe briefly the tangent bundle of /^-velocities TlQ of a 
manifold Q (see [§])• After, following to Griffone [UH1GI] and Szilasi [12] we define 
a canonical short exact sequence 

TlQ x Q TlQ — U T(TlQ) — U TlQ x Q TQ 

wich allows us to introduce in an alternative way the canonical geometric elements 
on TlQ: the Liouville vector field and the canonical k-tangent structure. The usual 
definition of these geometric elements can be found in jTOJ [TT] [T2] . 
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In section [3] we give two characterizations of the nonlinear connections on Tq : 
T\Q — > Q. In the first one we use the canonical short exact sequence constructed 
in section[5]in an analogous way to that one in Szilasi's book [T3] for the case fe = 1. 
In the second one we characterize nonlinear connections on Tq : T^Q — > Q using 
the canonical fe-tangent structure (J 1 ,..., J k ). In the particular case fe = 1 we 
reobtain some results given by Grifone in [TJ (3J [3J . 

Finally in section [3] we recall the notion of SOPDEs (second order partial dif- 
ferential equations) and we study the relationship between SOPDEs and nonlinear 
connections on T^Q. 

Along the paper we have used the Szilasi's HandBook [T3] and Griffone's papers 
[TJ [3J as principal reference. 

All manifolds are real, paracompact, connected and C°° . All maps are C°°. Sum 
over crossed repeated indices is understood. 

2. The canonical short exact sequence. 

In this section we describe briefly the tangent bundle of /^-velocities T^Q of a 
manifold Q (see [9]), that is, the Whitney sum of fe-copies of the tangent bundle TQ, 
which is the phase space where the fe-symplectic Lagrangian formalism of classical 
field theories (Giinther's formalism [5]) is developed. After, following to Griffonc 
[TJ [2 [3] and Szilasi [13] we define a canonical short exact sequence which allows 
us to introduce the canonical geometric elements on T^Q, which are necessary to 
develop the fe-symplectic Lagrangian formalism: the Liouville vector field and the 
canonical k-tangent structure. 

Moreover, the canonical short exact sequence introduced in this section will be 
used, in the following section, to characterized nonlinear connections on T^Q. 

•The tangent bundle of /^-velocities of a manifold. 

Let Q be a n-dimensional differential manifold, and let tq : TQ — > Q be the 
tangent bundle of Q. Denote by T\Q the Whitney sum TQ® k . ®TQ of k copies 
of TQ, with projection Tq : T^Q — > Q, Tq(vi q , . . . , Vk q ) = q- The fibre on q 6 Q is 
the nfc-dimensional vector space (T^Q) q — T q Q(B . k . ®T q Q . Along this paper an 
element of T^Q will be denoted by v 9 = (vi q , . . . , 

The manifold Jq(M' £ , Q) of 1-jets of maps with source at € R fc and projection 
map Tq : Jo(R k ,Q) -> Q, TQ(jo. q cr) = c(0) = q, can be identified with T^Q as 
follows 

4{R k ,Q) = TQ@ k .®TQ 

ih, q o = {vi q ,.-.,v kq ) 

where q = <r(0), and VA q = cr *(0)(gpr(0)). T^Q is called the tangent bundle of 
k 1 -velocities of Q, see [5]. 

If (q l ) are local coordinates on U C Q, then the induced local coordinates (q l , v\) 
on Till = {tq)~ x {U) are given by 

9 l ( v ?) = q l ( v i q , v k q ) = q 2 (q), v\(v q ) = v l A (vi q , v kq ) = v Aq {q r ) . 
• The vector bundle (T^Q x Q T^Q, {r k )*T k , T%Q). 

Let us consider the fiber bundle Tq : T\Q — > Q and the pull-back bundle of Tq 
by Tq, that is, 

{TlQy.QTlQ,(T k Q )*T k Q,TlQ), 
where the total space is the fibre product 

T lQ x Q TlQ = {(v„, w g ) G TlQ x TlQ \ r k (v q ) = r^(w g )} , 
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and (tq)*Tq : T^Q Xq T^Q — > T^Q is the canonical projection on the first factor, 
that is, (r^)*T^(v 9 ,w g ) = v g , 

. The map i : TlQ x Q T^Q — > T(T^Q). 

Let us V(TlQ) = denote the vertical subbundle of Tq : 

\^ V AI l<i<n ,l<A<k 

TfcQ —> Q and define the map 

i : TlQ x q TlQ — ► V(TZQ) C TFZQ) 

by 

fe , 

i( v <?! W <j) = ("l 9 r--," J 4, + SfflA,,.-- I ''fc,)- 

This map is locally given by 



i(v„w,) = 53«;* 1 i . (1) 



• Canonical vector fields on TlQ. 

The canonical vector field (or Liouville vector field) A g X(T^Q) is defined by 
A(v 9 ) = i(v g ,v 9 ). This vector field is used to introduce the Energy Lagrangian 
function in the fc-symplectic Lagrangian formalism, see section 14.21 

From ([T]) we obtain that its local expression is 

k n o 
A=l i=l A 



The canonical vector fields Aa S X(TlQ) are defined by 



A 



Aa(v<j) = i(v 9 ,(0, ...,UA g ,...,0)) 
for all A = 1, . . . , k , and they are locally given by 



i=l 

• The vector bundle (T£Q x q TQ, {tq)*tq,T^Q). 

Let us consider now the fiber (tq)*tq, which is the pull-back of the tangent 
bundle TQ by Tq. This fiber is also called the transverse fiber to Tq. The total 
space of this fiber is 

TlQ x Q TQ = {(v q ,u q ) € TlQ x TQ | r£(v 9 ) = r Q (u q )} . 

and (tq)*tq : TlQ Xq TQ —> TlQ is the canonical projection 

• The map j : T(TlQ) — > I*Q x Q TQ 
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Let t t i q : T{TlQ) -> T\Q be the tangent bundle of T\Q and Tt* : T(T^Q) 
TQ the tangent map of Tq. We define the map 

•y.= {r nQ ,TT%):T{TlQ) T'QxqTQ 



locally given by 



dq i 



d 



(v„T v ,tA(Z v ,)) 







(4) 



The map j is a bundle homomorphism and the induce maps j Vg : T v „(Tj~Q) — > 
{v 9 } x T g Q are linear, for all v q g T^Q. 

Remark 2.1. In Szilasi's book |13) . page 62, one can be found the definition of j for 
an arbitrary vector bundle (E, tt, M). In our case E = TlQ, M = Q and tt = TqM 

• The short exact sequence arising from Tq. 
Lemma 2.1. The sequence 

TlQx Q TlQ — U T(TlQ) — U T^Q x Q TQ (5) 



T kQ 

is a short exact sequence of vector bundles, that we will call the canonical short 
exact sequence arising from Tq . 

Proof. This result can be proved for a general vector bundle (E,tt,M), see [T5] . 
In any case the principal point of the proof is that j o i = 0, which is a direct 
consequence of (JTJ) and (U]). ■ 

•Canonical fc-tangent structure on TlQ. 

The canonical A-tangent structure is a certain family of k tensor fields of type 
(1,1). This structure was introduced by M. de Leon et al. in t 6j. Next we will 
describe an alternative definition of this structure. 

We introduce the maps 1<a from TlQ Xq TQ to TlQ XqT^Q as follows 

k A : TlQ Xq TQ — > TlQ Xq TlQ 

a 1 < A < k . 

(v q ,u q ) (v q , (0, ...,0,u q ,0, ...,0) 

The composition J A = i o kA ° j is a tensor field on TlQ of type (1,1) locally 
given by 



TiTlQ) ■ 



+ z aSt\ 



z l # 

dq 

or equivalcntly 



■TlQx Q TQ- 



k A 



(v g ,Z'JL\ 



TlQ x Q TlQ- 
(v„(0,...,Z'- 



A 


dq' 
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-0)) 1 



• T{TlQ) 



Z l - 



(6) 



The set (J , . . . , J k ) is called the canonical k-tangent structure on TlQ , see [51 1101 
IT2"] . Along this paper we will use this structure to characterize nonlinear connections 

T k Q -ni 



on Tq : TlQ -> Q. 
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3. Nonlinear connections on t\\ : TlQ — > Q. 



Let us remember that an Ehresmann connection or nonlinear connection on Tq : 
TlQ -> Q is a differentiable subbundle H(T%Q) of T(T%Q), called the horizontal 
subbundle of the connection, which is complementary to the vertical subbundle 
V{TlQ), that is, T{TlQ) = H(T£Q) © V(T^Q). 

In this section we give two characterizations of the nonlinear connections on Tq : 
TlQ — > Q- In the first one we use the canonical short exact sequence constructed 
in the above section in an analogous way to that one in Szilasi's book [T3] for the 
case k = 1. After we characterize nonlinear connections on Tq : T^Q —> Q using 
the fc-tangent structure (J 1 , . . . , J k ). In the particular case k = 1 this second result 
was obtained by Grifone [TJ [3J [3] . 

3.1. The horizontal maps. 

Definition 3.1. A right splitting of the short exact sequence 







TlQ x Q TlQ ^^T {TlQ) 



TlQxgTQ -0 , 



is called a horizontal map for Tq. This map is a T^Q-morphism of vector bundles 
(i.e. the morphism over the base is id T iq) 

W - TlQ x Q TQ — ► T(TlQ) 

satisfying 



joJC = l 



T^QxqTQ ■ 



Along this section we show that to give a horizontal map for Tq is equivalent to 
give a nonlinear connection on Tq : TlQ — » Q. 



Proposition 1. The horizontal map J{ : TlQ Xq TQ 

by 



8 



dv A 



T(TlQ) is locally given 



(7) 



where v q £ TlQ, u q € TQ and the functions N Ai , defined on TlQ, are called the 
components of the connection defined by J£. 



Proof. We write 



■K(v q ,u q ) = H'\v q ,u q )- 



N A {v q ,u q 



d 



for some functions on H l , N A denned on TlQ Xq TQ. 
Since j o 5£ = ^t^qx q tqi from ((4]), we obtain 



d 

3i(v q ,u q ) = u l — 



(8) 



On the other hand, the induced maps 

JCv, : (TlQ x Q TQ) Vq Si {vj x T q Q -> T Vq (TlQ) 
are linear for all v q € TlQ, then from (JS| we obtain that 

d 



JC(v q ,u q 



u l "K 
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Now defining the functions N Ai on T^Q by 

d 



N A^i) = N 3 A (v q , tt- ), 1 < i, j < n, 1 < A < k 



Q 



we obtain ([7]). 



To each horizontal map "K : T^Q Xq TQ — > T(ThQ) we associate the horizontal 
and vertical projectors as follows: 

(1) The horizontal projector is given by h : = 'K o j : T(T%Q) -> T(T%Q). 
From Q we deduce that the local expression of h is 



d 




(10) 



and satisfies h 2 = h, Kerh = V(T^Q) and 

™={£- NL H ' 

(2) The vertical projector is given by v : = 1t(t 1 q) ™ h an d it satisfies 
v 2 = v, , Kerv — Imh , Imv = V(Tj~Q) 
From (|T0)) we obtain 

v = JL® {dv i A+N J A , dq i). (ii) 

oir A 

Since v : = 1t(t£q) — h and h 2 = h we obtain that vh = hv = 0. 
The following Lemma is well known 

Lemma 3.1. Let M be an arbitrary manifold and V an almost product structure, 
i.e., r is a tensor field of type (1,1) such that T 2 — 1m- If we put 

h=~(i M + r) , v = i(i M -r) 

then 

h 2 = h hv = vh = v 2 = v . (12) 

Conversely if h and v are two tensor fields of type (1,1) and they satisfy hl 6 2\) 
then r = h — v is an almost product structure, and we have TM = Imh © Imv. 

Then, in our case M = T^Q we have 

T(TlQ) =JmhfflJmv = Jrahffl V(T%Q) 

Thus Im h is the nonlinear connection associated to 'K. 

We have seen that each horizontal map "K corresponds an horizontal projector 
h which defines a nonlinear connection on T^Q. The converse of this is given in 
Lema 1, page 72 Szilasi [13 , for an arbitrary vector bundle; in our case one obtains 

Lemma 3.2. If h £ 7{(T£Q) is an horizontal projector for Tq, that is h 2 = 
h and Ker h = V(TuQ), then there exists an unique horizontal map 3i : T^Qxq 
TQ — ► T{TlQ) such that V. o j = h. 

■ 

Let X 6 X(Q) be a vector field on Q. Then the horizontal lift X h of X to 
3t(TfcQ) is defined as follows 

X\v q ):=0i(y q ,X(q))=X i (^- i - N^^j ), (13) 
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being X^X 1 ^. 

The curvature Q : X(T^Q) x X(T fe 1 Q) -> X(T fe 1 Q) of the horizontal map J£ is 
defined as fi = — — [h, h] and it is locally given by 



_ 1 8N Ak 8N j Ai ATm dN Al , rm dN Ak \ d . jk 

Q = - - Ak + N 7 ^,—^- - ATS = — - (8) oV A do fe . (14) 

2 I dq 1 dq k Bk dv<g Bl dv% J dv> A 



3.2. Nonlinear connections and canonical fc-tangent structure on T k Q. 
In this section we characterize nonlinear connections on T k Q using the canonical 
/c-tangent structure (J 1 , . . . , J k ). 

Proposition 2. LetT be a tensor field of type (1,1) on TjjQ satisfying 

J A oT = J A and To J A = -J A , 1 < A < k. (15) 
Then, T is an almost product structure, that is , T 2 = l^ig. 

Proof. For each vector field Z on T%Q we have J A (rZ) = J A {Z), 1 < A< k, then 
J A (r(Z) — Z) = 0, that is, the vector field F(Z) — Z is vertical, then it can be 
written as follows: 

k 

t(z)-z = Y j J b {w b ), 

B=l 

where Wi, . . . , Wk are vector fields on TlQ. Finally we obtain 

k k 



B=l B=l 



T 2 (Z) = T(T(Z)) = T(Z+Y J J B {WB)) = T{Z) + Y j nJ B {WB)) 

B=l 

fc 

= r(z)-£ j s (i^b) = z 



B=l 



From (TIBl we deduce that T is locally given by 

r =(^ +r -4)^ 9i_ 4 ^' (i6) 



where P^ are functions defined on T^Q called the components ofT 

'Q ■ ± k 



Proposition 3. To give a nonlinear connection N on tK : TlQ — > Q is equivalent 



to give a tensor field T of type (1, 1) satisfying U5\) 

Proof. Let ./V be a nonlinear connection on Tq : T k Q Q with horizontal projector 
h. Then r = 2h — lyiQ satisfies (TT5|) . In fact, one obtains: 

J A o T = 2( J A oh)-J A = 2J A -J A = J A 
where we have used that J A o h = J A . On the other hand, since h o J A = we 

ro/ = 2(ho/)-j^-j A . 

Conversely, given T satisfying (1151) from the above proposition we obtain that 
r 2 = lyiQ, then from Lemma 13. II we deduce that there exists a horizontal projector 

h = — (1 T ( T iq) + r), with local expression 



1,„ . Id 1„, d_ 



h^(iT ( ^ ) + r).l- + -r^— ]^^, 
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which defines a nonlinear connection iVr ■ Moreover the components of the nonlinear 
connection iVr are given by 



4. fc- VECTOR FIELDS. SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS 

(SOPDES). 

Second order differential equations, usually called SODES play an important role 
on the geometric description of Lagrangian Mechanics. 

In this section we introduce SOPDEs (second order partial differential equations) 
which are a generalization of the concept of SODE. We study the relationship 
between SOPDEs and nonlinear connections on Tj,Q and we also show the role of 
SOPDEs in Lagrangian classical field theories. Let us observe that the role of SOPDE's 
in the fc-symplectic [5j [TUJ [12] and fc-cosymplectic [7] Lagrangian formalisms of clas- 
sical field theories is very important and similar to role of second-order differential 
equations, SODE's, in Lagrangian Mechanics. 

Definition 4.1. Let M be an arbitrary manifold and : T^M — > M its tangent 
bundle of /(^-velocities. A k-vector field on M is a section £ : M — > T%M of the 
projection rj^. 

Since T^M is the Whitney sum TM® . k . ®TM of k copies of TM, we deduce 
that a fc-vector field £ defines a family of k vector fields {£i, ■ • ■ , 6c} on M by 
projecting £ onto every factor. For this reason we will denote a fc-vector field £ by 
&,.-.,&). 

Definition 4.2. An integral section of a fc-vector field £ = (£i, . • • , passing 
through a point x € M is a map <fi '■ Uq C K fe — > M, defined on some neighborhood 
U of £ K fc , such that 

d_ 

or equivalently, (f> satisfies £ o (f> — tp^ 1 ', where 4> is the first prolongation of 
defined by 

4>W : U C R k — > TlM 

t — > 0( 1 )(t)=j^ t , </» t (t) =^(t + t) ' 



(0)=x , 0.(t) ( —j , ) =£A(0(t)) for every t € C7 , , (17) 



for every t, t G R fc such that t + te U . 

A fc-vector field £ = ...,£fe) on M is said to be integrable if there is an 
integral section passing through each point of M. 

In local coordinates one obtains 

^\t\...,t k )=^(t\...,t k ),^(t\...,t k )j . (18) 

Remark 4.1. Let us observe that in the case fc = 1, an integral section is an integral 
curve and the first prolongation is the tangent lift from a curve on M to TM. 

Next we will introduce the notion of SOPDE, which is a class of fc-vector fields on 
T%Q. 

We shall see that the integral sections of SOPDEs are first prolongations <f)^ of 
maps <f) :K. k Q. 

If F : M — > N is a differentiable map between the manifolds M and N, then 
T*F : TlM -> T^N is defined by TjjFfa,, . . . , v kq ) = {F,{q){v lq ), . . . , F m (q)v kq ), 
or equivalently T^Ffj^a) = Jq(F o ct). 
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Definition 4.3. A fc-vector field £ = (£i,...,£fc) on T\Q is a second order par- 
tial differential equation (SOPDeJ if it is also a section of the projection T£(tq) ■ 
Tl{TlQ) -> TjfQ; that is, 

IfcC^Jo^lriQ. (19) 

Let us observe that £ A S £(7fcQ) and (O means 

(7g)*(v,)(&(v g ))=tu, A=l,...,fc. 
where v 9 = (v lq , . . .,v kq ). 

Let (q z ) be a local coordinate system on U C Q and (g l ,v A ) the induced local 
coordinate system on T£{7. From (|19p. a direct computation shows that the local 
expression of a SOPDE £ = (£i, • • • , £fc) is 

= ^ + (eO* B ^, f<A<fc . (20) 

where (£ A )*j € e°°(T^U). 

1{ ip : R fe — > TuQ, is an integral section of a SOPDE (£i, . . . , £/.) locally given by 
p(t) = (^(t),^(t)) then £a(v(*)) = ^*(t)[9/<9i A (t)] and thus 

^(t) = v\Mt)) = ^(t) , (t) = (eo i B Mt)) . (2i) 

From (JTHJ) and ([H]) we obtain: 

Proposition 4. Le£ £ = (£i,...,£ft) &e an integrable SOPDE on T^Q. J/ 9? is an 
integral section of £ i/ien 95 = (/>' 1 \ where (f)^ is the first prolongation of the map 

cj) = Tq o ip : M fc Tf[Q Q and it is a solution to the system 



Conversely, if <f> : R k — > Q is any map satisfying then <^ 1 ) is an integral 

section o/£ = (£1,. . .,£&)- 

Remark 4.2. For an integrable SOPDE we have (£a)b = (£b)a- 

The following characterization of SOPDEs can be given using the canonical k- 
tangent structure of T^Q (see ©, © and CT): 

Proposition 5. ^4 k -vector field £ = (£1, ...,£&) on T^Q is a SOPDE i/ ; and onfo/ 
if, S A {T A ) = A A ,forallA=l,...,k . 

Example 1. Let us consider the following SOPDE (£i,£2) on T^M. , with coordinates 
(g,«i,«2), given by 

a fc 9 A a 

dq X 2 dv 1 X 2 dv 2 , , 

9 fc 9 1 9 1 dj 

£2 = «2^- + -To "2 ~ h +7 u l"H — 

9g A z ovi k 0V2 

Let ^ : (t, x) e R 2 -> K be a map. If : M 2 -> T 2 1 M is an integral section of 
(£i,£2) then from (1221) we obtain 

(24) 
(25) 



k d<j> 


9 2 </> 


A 2 ~di 


dt 2 


k d<f> 


d 2 cf> 


A 2 9a; 


dtdx 
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Equation (|26p is the one-dimensional heat equation where k is the thermal diffu- 
sivity and the solutions <f>(t, x) represents the temperature at the point x of a rod 
at time t . 

Any integral section of this SOPDE is the first prolongation of a solution of the 
heat equation. The general solution of (|26[) is 



<j>{t,x) = e'f** Ccos +-DsinQ) = Ae - *** sin (| + 



C 



where A, C and D are arbitrary constants and A = \IC 2 + D 2 , tan 6 = — . Thus 
any solution of (|26[) is solution of and (|25p . 

4.1. Relationship between SOPDEs and nonlinear connections . In this sec- 
tion we prove that each nonlinear connection defines a second order partial differen- 
tial equation (sopde) on T\Q and conversely, given a SOPDE £ on T^Q a nonlinear 
connection N% on : T X Q —> Q can be defined. 

• sopde associated to a nonlinear connection . 

Let us consider a nonlinear connection on Tq : T^Q — > Q with horizontal map 
9i : TlQ x Q TQ T(T£Q). For each A = 1, . . ., k we define f$ G X^Q) as 
follows 

^( v g) = ^( v 9' u ^ q ) where v q = . . . , v kq ) G T^Q 
From ([7]) we obtain that the SOPDE £k = (£^, . . . , £^) associated to J£ is 

^K) = ^f^ -^ii ) ■ (27) 

• Nonlinear connection associated to a sopde. 

Theorem 4.1. To each SOPDE £ on T^Q we associate a nonlinear connection 
with horizontal projector 

k 

h « = fcTI (1 ^ EW 4 )' ( 28 ) 
K + 1 A=l 

Proof. Let C = be a sopde on T^Q locally given by 

^ = ^|i + ^)b^' A=l,...,fc. 
Since L U J A (Z) = [U, J A Z] - J A [U, A for all vector field Z on T%Q, we obtain 

k / „ k 



then a straightforward computation in local coordinates shows that is locally 
given by 



( d 1 A d{U) l B d \ Ji 



(29) 



and satisfies 



h| = h 5 and Ker h 5 = V(T£Q) 
so defining = lyiQ — we obtain, see Lemma [3.1 1 that T(T^Q) = Jmhj 



SOPDES AND NONLINEAR CONNECTIONS 



11 



Remark 4.3. In the case k = 1, the horizontal projector given in (|2"B|) . coincides 
with the projector given by Grifone [213] and by Szilasi [T5] . 

Remark 4.4. 

(1) From dTUJ) and (|2U|) we deduce that the components of the connection N% 
are given by 

f^-^t^ ■ (») 

(2) We can associate to each SOPDE £ the almost product structure — 2h^ — 
l TlQ, locally given by 

r S = fc^T f (1 - fe )^Q - 2 E ^ 

In the case fc = 1, this tensor field is = —L^J, where J is the canonical 
tangent structure on TQ. The nonlinear connection associated to this struc- 
ture was introduced by Grifone in Proposition 1.41 of 1 and Proposition 

1.3 of pg. 

Along this section we have showed that there is a correspondence such that to 
each nonlinear connection on T^Q we can associate a SOPDE £ and conversely, given 
a SOPDE on T^Q there exists a nonlinear connection associated to this SOPDE. Is 
this correspondence a bijection? In general the answer to this question is negative. 
In fact: 

(1) Let £ be a SOPDE and be the nonlinear connection associated to £. We 
denote by the horizontal map associated to . From ([2"T)l and ([3"U|) we 
deduce that £ = £jc 4 if and only if 

{U)b = T^— Y v\,KA,B <k,l<i<n. 



c=i dv c 



1 d£ 

When k = 1 we obtain fv, = £ if and only if r = £ fe which means 

that the functions £ k are homogeneous of grade 2 (see [3]). 
(2) Let us consider now a nonlinear connection N defined from a horizontal 
map Jf, the SOPDE £^ associated to this connection and the connection 
associated to the sopde £k- 
From ([27]) and (JSOJ) we obtain that TV = iV^ if and only if 



dN J 

N * i= A ~&T' l<i,J <n,l<B<k. 



4.2. SOPDEs on Classical Field Theory. In this subsection, we recall the La- 
grangian formalism developed by Giinther [5], see also [TU]. Here we show the role 
of sopdes and its integral sections in the Lagrangian Field Theory. 

Let L : T^Q ->Rbea Lagrangian, that is a function L((f> 1 , d<j) l /dt A ) that depend 
on the components of the field and on its first partial derivatives. This Lagrangian 
is called autonomous in the sense that not depends on the time-space variables (t A ) 



The generalized Euler-Lagrange equations for L are: 
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whose solutions are maps ip : R fc -> TlQ with tp(t) = (^(t), ^(t)). Let us observe 
that ^?(t) = ( ^ 1 - ) (t), for 4> = Tq o ip. Using the canonical fc-tangent structure, one 
introduces a family of 1-forms Q£ on T^Q, and a family of 2-forms ui^ onT^Q , as 
follows 

9 J t = dLoJ A , w£ = -d0f , 1 < A < fc . (32) 
In local natural coordinates we have 



r)T r) 2 T Pi 1 J 

9 t=^rdq i , w f = ^ r d 9 i Ad g »' + -^ r dff i Ad4. CW) 
0<4 d^dv^ dv B dv\ 



We also introduce the Energy function El — A(L) — L E C°°(T£Q), whose local 
expression is 

dr 

SL=«A7^-i- (34) 

Definition 4.4. The Lagrangian L : T^Q — > R is said to be regular if the matrix 
is not singular at every point of T^Q. 



Let (£i, . . . be a fc- vector field on T^Q locally given by 
Then from (|33|) and (f34f we deduce that (£i, • • • ,£fc) is a solution to the equation 

k 

Y,iu"L= A E L . (35) 

if, and only if, (£a)' and (£a)b satisfy the system of equations 

/ d 2 L d 2 L \ ■ _ d 2 E _ j 8 2 L _ dL_ 

\dq-dv\ ~ dqldv\ ) " dv A dv j B ( ' B ~ VA dq*dv A ~dq 1, 

d 2 L d 2 L i 

(£0 = - .,- - ; v A . 



dv B dv A dv B dv A 
If the Lagrangian is regular, the above equations are equivalent to the equations 
d 2 L , d 2 L 8L 

W^ a Va + ^J b {u)b = ^ (36) 

{£ A f = v \ , 1 < i < n, 1 < A < fc . (37) 

Thus, if L is a regular Lagrangian, we deduce: 

• If (£i, ... , is a solution of then it is a SOPDE, (see (37])). 

• Since (£i,...)£/s) i s a SOPDE, from Proposition @] we know that, if it is 
integrable, then its integral sections are first prolongations <fi^ : R fe — > T^Q 
of maps 4>: M. k — > Q, and from ([35)) we deduce that <j> is a solution to the 
Euler-Lagrange equations (f3Tj) . 

• Equation (f35)) leads us to define local solutions to ([33)) in a neighborhood of 
each point of T^Q and, using a partition of unity, global solutions to (|35[) . 

• In the case fc = 1, the equation (I35[) is i^w^ = gLEl, which is the dynamical 
equation of the Lagrangian formalism in Mechanics. 

Example 2. Let L : T^W. — > R be a Lagrangian given by 

L : T 3 1 R — > R, Lfavi.i*,^) = i(v? + «f)) . (38) 
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Let us suppose that (£1,62, £3) is a solution of the equation (|3"5)) 

3 

*6» = d^L . 

A=l 

Since L is regular we know that (£i,£2,£3) is a SOPDE satisfying (|5oT) . Then each 
£,4 is locally given by 

U = <u| + (£a)^ + (Uh£; + (£a) 3 ^ , 1 < A < 3 . 
From ((36)) we have that 

= q£^(U)b = (£1)1 - c 2 [(£ 2 ) 2 + (£3)3] (39) 

From (|22p and (j39|l we obtain that if ^^(t) is an integral section of the 3- vector 
field (£i,£2,£3) then </> : M. k — » Q satisfies the equation 

9 2 a/ <9 2 <9 2 </> . 



a^ 1 ) 2 v d(* 2 ) 2 d(i 3 ) 2 ' 

which is the 2- dimensional wave equation. 

4.3. Linearizable SOPDEs. In this section we introduce the definition of lineariz- 
able SOPDE and we establish a necessary condition so that a SOPDE is linearizable. 

Definition 4.5. A SOPDE £ = (£1, • • • , £fc) on T^Q is said to be linearizable if for 
each point on TiQ, its components (£a)b can written as follows 

(uy B = + (K B ) m r + v A b (40) 



with (jiJX C^L- ej 



AS 



Proposition 6. J/ £ is linearizable then the curvature of the nonlinear connection 
'yic vanishes. 



Proof. Since £ is linearizable, from ([30| and (j40j) we obtain that the components of 
the nonlinear connection are 



WBi=--r^ I E(^ S ) 

K + 1 A=l 



Now from (TT4"|) we deduce that the curvature 51 vanishes. ■ 

In the particular case of a linearizable SOPDE, Proposition [4] can be written as 
follows. 

Proposition 7. Let £ = (£1, . . . , £&) be a linearizable and integrable SOPDE. If the 
first prolongation of <j> : R k — > Q is an integral section of £ = (£1, . . . , £&) then we 
have 



w = (£A) B (0 (1) (t)) = ^ + (& AB ) m r(t) + & AB (4i) 



Conversely, if <fi : M. k — > Q is a map satisfying |^_?[ ), i/ien is an integral section 
oft 

Example 3. From (J23j and (00]) we deduce that the SOPDE (|23j) is linearizable. 
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